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We establish a necessary and sufficient condition for the existence of positive 
solutions and obtain Sturm-type comparison theorem for the difference equation 
x,+~-x,+ i p,(nb,-k,=Q n > 0. (*) 
r=l 
We also obtain the following comparison result: Equation (*) oscillates if and 
only if 
m 
x,+,-x,+ 1 q,(n)x,-,,=O, n>O. (**I 
z-1 
oscillates provided 
lim p,(n)=, 
n-m q,(n) ’ 
i = 1, 2, . . . . m. 
0 1992 Academic Press, Inc. 
1. INTRODUCTION 
Let R + = [0, co) and N = (0, 1, . ..}. Consider the delay difference 
equation 
X n+l -xn + f Pi(n)xn-k,=O, n>O (1) 
i=l 
and the delay difference inequality 
x,+1-x,+ f pi(n)x,-k,<O, n > 0, (2) 
i=l 
* On leave from Department of Mathematics, Shanxi University, Taiyuan, Shanxi, P.R.C. 
346 
0022-241X/92 $3.00 
Copyright 0 1992 by Academic Press, Inc. 
All rights of reproduction in any form reserved 
DELAY DIFFERENCE EQUATIONS 347 
where for each i= 1, 2, . . . . m, 
pi(n)E R+, IlEN, and kiE N. (3) 
Let k=max(ki: 1 <i<m} and n,aO. By a solution of (1) or (2) we 
mean a sequence {x,} which is defined for n > n, - k and satisfies (1) or 
(2) for 12 > n,. With Eq. (1) and with a given “initial point” n, > 0 and 
“initial condition” a,,-,, anoPk + i, . . . . a,,, Eq. (1) has a unique solution 
{xn} which satisfies 
xi = aj for j=n,-k, q--k+ 1, . . . . n,. (4) 
In the following, we will only consider such solutions which are nontrivial 
for all large n. A solution {x,} of Eq. (1) is said to be oscillatory if the 
terms x, of the sequence are not eventualy positive or eventually negative. 
Otherwise, the solution is called nonoscillatory. Equation (1) is called 
oscillatory if every solution of the equation oscillates. A solution {x,,} of 
Eq. (1) through an initial point n, is said to be positive if the terms x, of 
the solution {x,} are positive for all n 2 n, - k. 
Our aim in this paper is to establish a necessay and sufficient condition 
for the existence of a positive solution of Eq. (1) and to obtain some 
comparison results for the oscillation of difference quations. 
Recently there has been a lot of activity concerning the oscillatory 
behavior of delay difference equations. See, for example, [l-6, and Refs. 
therein]. However this paper seems to be the first study concerning the 
necessary and sufficient conditions for the existence of a positive solution 
and Sturm-type comparison results for delay difference equations with 
variable coefficients. 
2. MAIN RESULTS 
With Eq. (1) and for any n,, > 0 we consider the sequence {At’} ,?T 0 if it 
is well defined, 
and for r > 1, 
(0 
A(O) co n for n>n,-k, 
for n=n,-k,n,-k+l, . . . . no-l, 
A”‘= n 
ig, ~,(n),~~~,(l-A:~~‘)~~’ for n2n0 
(5) 
with the convention that JJ~L,‘-~, (1 - Al’- ‘I)-’ = 1 if ki = 0. 
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The following lemma is extracted from [S, Theorem 3.51. 
LEMMA 1. Assume that Eq. (1) has a positive .&ion through the initial 
point no. Then there exists a sequence (LY,,}~=.~. k such that the following 
statement are true: 
(ii) a,<1 for n=n,-k, no-k+l, . . ..n.-1 and O<c~,<l for 
n>n,. 
The following result is also essentially included in [8, Theorem 3.53, and 
so its proof is omitted. 
LEMMA 2. Assume that Eq. ( 1) has a positive solution through n,. Then 
the sequence (5) is well defined for n >, n, and satisfies 
(i) O<A~‘<A(‘+‘) 
(ii) lim (r ,“dLf 
<lforn~n,andr>O; 
T+Z.An - A,<lforn>n,. 
The next result provides a necessary and sufficient condition for Eq. (1) 
to have a positive solution through no > 0 and for inequality (2) to have an 
eventually positive solution. This result as well as the following results in 
this section can be thought as discrete analogues of the corresponding 
results in delay differential equations established in [7]. 
THEOREM 1. Assume that (3) holds. Then the following statements are 
equivalent : 
(a) Eq, (1) has a positive sofution through the initial point no 2 0; 
(b) The inequality (2) has an eventually positive solution; 
(c) The sequence (A~‘},zCO which is well defined by (5) converges to 
a limit A, with 0 < A,, < 1 for each n > no > 0. 
Proof (a) =P (b). This is obvious. Since if x,, is a positive solution of 
Eq. (1) through no, it is also an eventually positive solution of the 
inequality (2). 
(b)=(c). Assume that x,>O for n3n,- k which is a solution of 
(2). Set 
Then 
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Thus from (2) it follows that 
i= 1 j=n-k, 
(8) 
By (5) and a simple induction, we have that 
06A;‘dAy+“6&,< 1 for r>O and n>n, (9) 
which implies that the sequence {A:‘} converges to a finite limit A, with 
O<A,< 1 for each fixed n>n,. 
(c) + (a). By taking limits as I + co in (5) we see that 
A,=0 for n=n,-k, n,--k+ 1, . . . . n,- 1 (10) 
and 
m n-l 
A,= 1 pi(n) C (l-Ai)-l for nan,, (11) 
i= 1 j=n-k, 
where 
A, = lim A!,“). 
r-00 
Set 
j=ng-k 
where17~=P~~_k(l-Aj)=1 ifk=O.Thenforn>n,, 
n-1 
x II+1 -x,=-A n fl (1-Aj) 
.j=q-k 
and, in view of (11) and (12) 
m m n-k,- I 
iTl ‘i(*)x~-kr=i~l Pi(n) fi (1 - Aj) 
j=ng-k 
m n-1 n-1 
=,C, pi(n) n (l-Aj)-’ n (1-A,) 
j=n-k, j=no-k 
(12) 
n-1 
=A, C (I-Aj)=x,-x,+l, 
j=no-k 
(13) 
409/165/2-4 
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X flfl -xn+ fJ Pitnlxn- k,=O, n3n,. 
i= I 
From (12) we see that x, > 0 for all n > n, - k. Hence x, is a positive 
solution of Eq. (1) through the initial point n,. The proof of Theorem 1 is 
complete. 
The following result is an immediate consequence of Theorem 1 and 
Lemma 2. 
COROLLARY 1. Assume that (3) holds. Then the following statements are 
equivalent : 
(a) Eq. (1) is oscillatory; 
(b) Inequality (2) has no eventually positive solution; 
(c) For any sufficiently large N> n, either (i) there is n, 2 N such 
thatO<AK’<lforr=l,2,...,R-1 andA::‘> whicharedefinedby(5) 
or(ii)thereisnl~Nsuchthat06A~‘<1,r~Oandlim,,,A~‘=1. 
In the following, we give some comparison results for difference equa- 
tions to have a nonoscillatory solution and for the difference inequalities to 
have an eventually positive solution. 
Consider (l), (2), and the following difference quation and inequality 
X IIf1 -Xx,+ i qi(n)X,-,,=O, n30 (14) 
i= I 
and 
Xn+l -Xx,+ f 4i(n)xn-,8G0y n Z 0, (15) 
i=l 
where 
4h) E R + and lie N, i = 1 , 2, . . . . m. (16) 
The following result is a Sturm-type comparison theorem for the first 
order delay difference quations. 
THEOREM 2. Assume that (3) and (16) hold and that 
4An) aPi and 
li>ki for i=l,2,..., m and n>n,>O. (17) 
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Zf Eq. (14) has a nonoscillatory solution, then Eq. (1) also has a 
nonoscillatory solution. 
Prooj: Assume that Eq. (14) has a nonoscillatory solution {x,1. As the 
opposite of a solution of Eq. (1) is also a solution, we may assume that 
{xn} is eventually positive. Then we have that x, + I -x, < 0 holds 
eventually. Thus, from (17) it follows that 
m 
X IIf1 -xx,+ 1 Pi(n)-?-,, 
i= I 
<x,+1 -xx,+ ff qi(n)x,-,,=O, n3N (18) 
i= I
for some sufficiently large N >O. In view of (18) and Theorem 1, we find 
that Eq. (1) also has an eventually positive solution. The proof of 
Theorem 2 is complete. 
As a consequence of Theorems 1 and 2, we have the following result. 
COROLLARY 2. Assume that (3), (16) and (17) hold. Zf (15) has an 
eventually positive solution, then (2) also has an eventually positive solution. 
Let 
p(n)= 5 p,(n), n2O 
i i=l 
it=min{k,: 1 <i<m}, and k=max{k,: l<i<m}. 
By an argument similar to that in the proof of Theorem 2, we can prove 
the following comparison result: 
THEOREM 3. Assume that (3) holds and the equation 
x~+~-x,+P(~)L~=O 
has a nonoscillatory solution. Then Eq. (1) also has a nonoscillatory solution. 
Zf the equation 
oscillates, then Eq. (1) oscillates. 
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The following result deals with difference equations which involve a 
parameter p in the coefficients. It states that, under appropriate hypotheses, 
the set of all points p for which every solution of the equation 
X n+l -x,1+ i Pi(4P)x,,-k>=o (19,,) 
i= 1 
oscillates is open. 
THEOREM 4. Let M be an open subset of K?. Assume that for each 
i = 1, 2, . . . . m andfor each n 3 no, pi(n, ,u) are nonnegative and continuous 
on M. Let S be the set of all ,a EM such that every solution of Eq. (19,) 
oscillates. Then S is an open subset of M. 
Proof For any p E M and for any n >n, we define the following 
sequence 
A(O) =() n,ll ’ n>n,-k, 
and for r2 1 
0, n=n,-k,n,-k+ 1, . . . . no-l, 
A”’ = 
n’p 2 p,(n,p) ,:c:, (1 -AjlL;“lp’, n2no, 
i=l 
(20) 
wherenr=,‘_,,(l-A:l,“)~‘=l ifk,=O. 
For any r 20 and any n >n,, it is easy to see that if Ax; can be well 
defined by (20), they are continuous on M with respect o p. 
Suppose that Eq. (19,) (that is Eq. (19,) with p replaced by po) is 
oscillatory for some p. E M. Then by Corollary 1 for any su&ciently large 
N > no there exists an n, 2 N and R z 1 such that either 
and 
O<A;f,“< 1, r = 1, 2, . . . . R - 1 
AiT,jp,,= f pi(n,,uo) “h’ (l-Aj,$;‘))pl>l, 
i==l ,=n,-k, 
(21) 
or 
O<A;‘,,< 1, r 2 0, and lim A(” = 1. “1.M (22) r-02 
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Case 1. Assume that k = 0. 
From Eq. (19,,) we see that 
x,+1= 
( 1 - If Pit% PO) x,, > 
n3n,. 
i=l 
(23) 
First, suppose that (21) holds. For k = 0 
If CT= i pi(n,, pO) = 1, then from (23) we see that x,, +, = 0. Hence, using 
(23) we obtain that x, = 0 for n z n, + 1 which is a trivial solution. This 
contradicts our hypothesis. Thus we have that 
Since A:,: is continuous with respect to ~1, there is a neighborhood 
6(p0) E M of p,, such that 
A;;‘, > 1 for any p E S(p,). 
By Corollary 1 we see that Eq. (19~) is oscillatory for any p E 6(~,,). Thus 
implies that S is an open set. 
Next, assume that (22) holds. For k = 0 
Hence, in this case (22) is impossible. 
Case 2. Assume that k 2 1. 
First, suppose that (21) holds. If A,,,,0 W) = 1, suppose to the contrary, that 
there is a sequence {~Lp}~z, such that lim, _ a, pLp = p0 and Eq. (19,) has 
an eventually 
lb+ m 
P 
ositive 
A”’ dg A 
solution for each p > 1. Then from Lemma 2, 
w.llp “,,~~ < 1 for all p 2 1. Thus we have that 
ACR) <An,+ < ACR) = 1 m.llp n1.M for all p > 1. (24) 
But A:; is continuous on M with respect o p, hence 
which contradicts (24). 
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If A;;‘, > 1, since AlfL is continuous on A4 with respect o p, there is a 
neighborhood 6(p0) E k of ,u~ such that A!,:; > 1, where ~1 E&pO). By 
Corollary 1 we know that Eq. (19,) oscillates for any p E 6(/.~,,). 
In the following, we consider the case that (22) holds. For any e > 0, 
there exists R such that for r 2 R, 
0 < 1 - A;)@” < E. 
From the continuity of AK!, with respect o p, for some rl > R, there is a 
neighborhood 6&,) c M of p0 such that 
0<1-A;“,<& for all p E 6( pO). 
On the other hand, from the monotonicity of AK),r with respect to r, we 
have that 
0<1-A~!,<l-A;“,<~ for all r>r, and YES&,). 
Obviously, this implies that 
lim A”’ = 1 n1.p for any p E 6(p0). r-m 
By Corollary 1, Eq. (19,) oscillates for any p E 6&). This implies that S is 
an open set and the proof of Theorem 3 is complete. 
Consider Eqs. (1) and (14), we will give other comparison results under 
the following hypothesis: 
For each i= 1, 2, . . . . m, the set z, and the Zi are the same 
where zi= {n;p,(n)=O, no N} and Zi= {n; q,(n)=O, no N} 
and the following limits exist: 
p,(n) (25) aj = lim - 
n+m,nE~\i, q,(n) 
and pi=? with the convention 
that pi= 1 if ki=l,=O; ji= cc if ii+0 and li=O. 
THEOREM 5. Assume that (3), (16), and (25) hold. Then the following 
statements are true: 
(a) Assume that 
cq< 1 and /Ii< 1 for i= 1, 2, . . . . m 
and that Eq. (1) oscillates. Then Eq. (14) also oscillates; 
(b) Assume that 
a, = pi = 1 for i = 1, 2, . . . . m. 
Then Eq. (1) oscillates if and only if Eq. (14) oscillates. 
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ProojI (a) From (25), for every p E (0, 1) and for each i = 1,2, . . . . m, 
we find that eventually 
(1 -Il)p,(n)dq,(n) and k;<l;. 0.6) 
By Theorem 2 and the fact that Eq. (1) oscillates, it follows that for 
p E (0, 1) and sufficiently small the difference quation 
X n+ I --x,+ f (1 -P)Pi(nb,,-,,=o 
i= I 
also oscillates. In view of (26), Theorem 2 now implies that Eq. (14) 
oscillates. 
(b) The proof of this statement is a consequence of (a) and will be 
omitted. 
The next corollary is an immediate consequence of Theorem 5. 
COROLLARY 3. Assume that (3) holds and that for each i= 1, 2, . . . . m, 
there exist constants pi such that 
lim p,(n) =p,. 
n--J; 
Then Eq. (1) oscillates if and only if the “limiting equation” 
m 
X n+l --X,+ 2 PiXn-k,=O 
i=l 
(1’) 
oscillates, that is, if and only if its characteristic equation 
A- I+ f pJL0 
,=I 
has no real roots in (0, 1) (see [2, 61). 
Remark 1. In particular, for the difference quation 
xn+l-x,+p(n)x,-k=O, (27) 
where p(n)>0 and ke N - {0), we should mention that a sufficient 
condition for the oscillation of all solutions of Eq. (27) is 
(28) 
356 YANANDQIAN 
which was given by Ladas, Philos, and Was [S]. Assume that 
lim, + m p(n) =p > 0, then condition (28) reduces to 
(29) 
which is a necessary and sufficient condition for oscillation of all solutions 
of the “limiting equation” 
x ?I+1 -Xn+pXn-k=O 
of Eq. (27) (see [3, 61). Thus we have the following result which has been 
established in [ 11: 
COROLLARY 4. Assume that p(n) > 0, k E N, and lim, _ ~ p(n) =p > 0. 
Then Eq. (27) oscillates if and only if (29) holds. 
COROLLARY 5. Assume that (3) holds and that 
liminfp,(n)=p,>O (30) 
n-5 
and one of the following conditions holds: 
iz, pi k: 
(k;+ l)k,+’ > 1 
or 
‘lrn (K+ l)K+’ > 1 
KK ’ 
(31) 
(32) 
where 
K=t ,$ ki 
r=l 
Then Eq. (1) oscillates. 
Proof Consider Eq. (1’). From [ 3, Theorems 3.1 and 3.21, if one of 
(31) and (32) holds, then Eq. (1’) oscillates. By Theorem 4 and (30), there 
is a constant p0 such that pi- p0 > 0, i= 1,2, . . . . m and that difference 
equation 
x,+1 -xx,+ f (P;-lbb,-k,=0, n>O 
i= I 
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oscillates. Since p,(n) Bpi - pO, i = 1, 2, . . . . m, eventually, by Theorem 2 we 
see that Eq. (1) oscillates if either (31) or (32) holds. The proof is complete. 
Remark 2. Corollary 5 has been established in [ 1 ] by Erbe and Zhang 
by employing a different technique. 
3. APPLICATIONS 
In this section, we will apply our results to the nonlinear difference 
equations 
xn+I-xn+ i Pi(n)f(xn-k,)=09 n b 0, (33) 
i= 1 
where p,(n) and ki satisfy (3) and 
f E CR RI and uf( u) > 0. (34) 
THEOREM 6. Assume that Eq. (3) and (34) hold and that 
lim inffo_ 1. 
u-0 u (35) 
Suppose that Eq. (1) oscillates. Then Eq. (33) also oscillates. 
Proof Assume, for the sake of contradiction, that Eq. (33) has a non- 
oscillatory solution {x,}. We will assume that x, > 0 for all n 2 n, 2 no. 
The proof when x, is eventually negative is similar and will be omitted. 
Since x,-~,>O for all nZn,+k, where k=max{ki: 16i<m}, from (33) 
and (34) we find that x,, i -x,<Oforn>n,+k.Therefore,lim,,,x,=I 
exists and 12 0. We claim that I = 0, that is, 
lim x, = 0. (36) n+n) 
Otherwise I > 0 and so f(Z) > 0. On the other hand, since lim, _ o. x, exists, 
it follows that 
lim 5 pi(n)f(X,-k,)= lim (x,+i-x,)=0 
n-m i-1 n-m 
which implies that 
lim pi(n)f(x,-k,) = 0, i = 1, 2, . . . . m. “-rUZ 
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In view of lim, _ ;x: f(x, k,) =f( I) > 0, we find that 
m 
lim C p,(n)=O. 
n-+= ;=1 
Consider the equation with a constant coefficient 
X IIf1 -x,,+pxnPk=o, 
where k = max { k, : 1 < i 6 m} and p is chosen such that 
or 
kk 
o<p’(k+l)k+’ if k>O 
O<p<l if k = 0. 
(37) 
(38) 
By [3, Theorem 2.11, Eq. (38) has a nonoscillatory solution. Noting (37) 
and applying Theorem 3 to Eq. (1) and Eq. (38), we find that Eq. (1) also 
has a nonoscillatory solution. This is a contradiction. Thus (36) holds. 
Consider the equation 
Y II+1 -y,+ f p,(“)f~yn-k,=o, nan,+k (39) 
i=l n I 
which has an eventually positive solution {xn). On the other hand, from 
the fact that Eq. (1) oscillates and Theorem 4, there is a constant p,, > 0 
such that 
x n+l -Xn+ f (1 -h)Pi(n)xn-k,=o 
i= 1 
oscillates. From (35), we see that there exists a sufficiently large Na n, + k 
such that 
pi(n)f(xn-k,) 
~-(l-Clo)Pi(n)? n b N. 
sx, - k, 
Hence by Theorem 2, we find that Eq. (39) oscillates which is a 
contradiction. The proof is complete. 
THEOREM 7. Assume that (3) and (34) hold and that there exists a 
constant 6 > 0 such that 
If( 2 I4 for all IuJ <6. 
Suppose that Eq. (1) oscillates. Then Eq. (33) also oscillates. 
(40) 
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Proof. Assume that Eq. (33) has a nonoscillatory solution {x~}. We 
will assume that x, > 0 for n b n i 2 n,. The proof when x, is eventually 
negative is similar and will be omitted. From the proof of Theorem 6, we 
see that lim, _ oc x,=0. In view of (40), it follows that 
m m 
X n+l --x,+ C Pi(n)xn-k,~xn+l-xn+ 1 Pi(n)f(Xn-k,)=o 
;= 1 i= I 
for all sufficiently large IZ. By Theorem 1, we know that Eq. (1) has an even- 
tually positive solution. This is a contradiction and the proof is complete. 
Remark 3. It is interesting to note that equations of the form (33) 
satisfying (34) and either (35) or (40) have appeared in various studies in 
mathematical biology. Furthermore, our results can be extended to a more 
general equation of the form 
X iI+1 -xx,+ i Pi(n)f,(xn-k,)=O 
i=l 
which involves different functions fi each of which satisfies condition (34) 
and either (35) or (40). 
Remark 4. Clearly, Theorems 6 and 7 can be extended to more general 
cases, for example, condition (35) is replaced by 
liminf ‘O=M, O<M<cc 
x - 0 X 
and (40) is replaced by the hypothesis that there exists a positive constant 
6 such that 
respectively. 
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